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il)(c) = IIx - e l l  = sup la: - el 
a<x<b 

has a s  i ts minimizing value and measurement of c e n t r a l  tendency GENERALIZING BINARY OPERATIONS 

by Ve.nn-ti C. S m o L o ~ i k i  
St. L o d  uvu.vwi-itq 

which i s  t h e  middle value of  t h e  i n t e r v a l  i n  which f is non-zero. The 

corresponding measurement of dispersion is 
Most day t o  day ca lcu la t ions  take place within t h e  f i e l d  of r e a l  

numbers with the  two binary operat ions of  addi t ion and mul t ip l ica t ion .  

In t h i s  f i e l d ,  these two operat ions a r e  d e f i n i t i o n a l l y  independent of, 
one another. However, i f  we approach binary operations from a d i f f e r e n t  

point  of view, e .g.  t h a t  of recurs ive  formulae, we can develop mult ipl i-  

ca t ion  from addit ion by use of t h e  concept of repeated addi t ion .  Along 

s i m i l a r  l i n e s ,  we can develop exponentiation from muli-iplication by re-  

peated mul t ip l ica t ion .  The next l o g i c a l  s t e p  would be t o  t r y  t o  develop 

another binary operation based on repeated exponentiation. 

Professor D .  F. Borrow of t h e  University of Georgia i n  t h e  American 

Mathematical Monthly, 43 (1936), p. 150, developed some theorems and a 

notat ion f o r  repeated exponentiation. A s  Z is  used f o r  summation and ll 

is used f o r  products, he used E f o r  repeated exponentiation. The develop- 

ment of a "fourth operation" would depend on a l l  the  indexed Terms of E 

being equal ,  s i m i l a r  t o  what i s  necessary i n  developing mul t ip l ica t ion  

and exponentiation i t s e l f .  

In order  t o  c l a r i f y  r e l a t i o n s  and no ta t ions ,  l e t  us look a t  add i t ion ,  

mul t ip l ica t ion ,  exponentiation, and a projected new fourth operation i n  

terms of funct ions and recursive formulae. Let 

The continuous extension of the  mode i s  found by minimizing 

where 6 is t h e  Dirac d e l t a  funct ion ([2], p. 6 ) .  The func t ion-$  i s  mini- 

mized a t  those values where f a t t a i n s  i t s  maximum value. If m n  is  such a 

value,  then t h e  corresponding measurement of dispersion is  1 - f(m,,). 
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1975 NATIONAL MEETING IN KALAMAZOO 

There is s t i l l  time f o r  l o c a l  chapters  t o  be making plans f o r  t h e  
and 

na t iona l  meeting a t  Western Michigan University i n  Kalamazoo, Michigan 

i n  conjunction with t h e  Mathematical Association of America. Plan now 

t o  send your b e s t  undergraduate speaker o r  delegate  ( o r  both) t o  t h a t  We know t h e  following: 

meeting. Travel money f o r  one approved speaker o r  delegate  i s  ava i lab le  

(where a l l  ni = n )  

(where a l l  n = n )  . i 

from National.  Send requests  and proposed papers t o :  

and 
R. V.  Andree 
Secretary-Treasurer,  Pi  Mu Epsilon 
601 E l m  Avenue, Room 423 
The University o f  Oklahoma 
Norman, Oklahoma 73069 



Using o u r  f u n c t i o n a l  n o t a t i o n ,  we can w r i t e  t h e  above equa t ions  a s  re- 

c u r s i v e  formulae: 

By comparing t h e s e  two formulae ,  we can e a s i l y  proceed t o  t h e  d e f i n i t i o n  

o f  a  f o u r t h  ope ra t ion  i n  terms o f  previous  ope ra t ions .  Thus, l e t  

and, i n  g e n e r a l ,  f o r  a k th  o p e r a t i o n ,  l e t  

The ques t ion  now a r i s e s ,  how does  one d e f i n e  t h e  f i r s t  te rm i n  t h i s  

r e c u r s i v e  formula? I n  o t h e r  words, what is  f 4 ( n , l ) ?  To answer t h i s  

q u e s t i o n ,  l e t  u s  f i r s t  look a t  f y ( n , l ) ,  and f 3 ( n , l ) ,  which a r e  based on 

a  s i m i l a r  p rocess  o f  r e c u r s i v e  formulae and r e p e a t e d  o p e r a t i o n s .  We 
1 1 know t h a t  f y ( n , l )  = 1 n = n and we a l s o  know t h a t  f 3 ( n , l )  = ml n = n.  

1 We can t h u s  s i m i l a r l y  d e f i n e  f , ( n , l )  = E n t o  be  e q u a l  t o  n  by t h e  same 
1 

l i n e  o f  r eason ing ,  t h a t  i s ,  "one n" combined t o g e t h e r  by t h e  p rocess  of  

[addition/multiplication/exponentiationl i s  s t i l l  only  "one n." 
2  What about  f4 (n ,2 )  = E n ?  This  would be equa l  t o  
1 

Thus we s e e  t h a t  ou r  fo rmula t ion  of  t h e  r e c u r s i v e  formula is  c o n s i s t e n t  

w i th  what ou r  i n i t i a l  i n t u i t i v e  f e e l  w a s  f o r  what t h i s  new f o u r t h  func-  

t i o n  should  be.  S i m i l a r l y ,  we o b t a i n  f4 (n ,3 )  = n(nn) .  A t  t h i s  po in t  

we might n o t i c e  t h a t ,  u n l i k e  ou r  d e f i n i t i o n s  o f  exponen t i a t ion  and mul- 

t i p l i c a t i o n  i n  terms o f  m u l t i p l i c a t i o n  and a d d i t i o n  r e s p e c t i v e l y ,  ou r  

d e f i n i t i o n  o f  f does n o t  a l low a s s o c i a t i v i t y .  I n  o t h e r  words, f,,(n,3) 

= n(nn)  # (nn)n,  and,  i n  g e n e r a l ,  

A t  t h i s  p o i n t ,  two ques t ions  may a r i s e :  What can one do wi th  f and 

what about o t h e r  ope ra t ions?  I n  p a r t i c u l a r ,  does  t h e r e  e x i s t  an  f 9 
0 '  

I n  answer t o  t h e  f i r s t  q u e s t i o n ,  it is obvious t h a t  t a b l e s  of  f,, 

a r e  n o t  r e a d i l y  a v a i l a b l e ,  and a r e  n o t  p a r t i c u l a r l y  u s e f u l ,  e i t h e r .  The 

numbers ba l loon  q u i t e  r a p i d l y .  For example, f,+(2,4) = 65,536, and 

65,536 
f 4 ( 2 , 5 )  = f ( 2 ,  65,536) = 2 , while  f4 (3 ,3 )  exceeds t e n  d i g i t s .  - 

The only  e a s i l y  computable numbers a r e  o f  t h e  form f 4 ( n , 2 )  = nn. Even 

then ,  t h e  numbers g e t  f a i r l y  l a r g e ,  r a t h e r  r a p i d l y .  For example, 

f ,+ (8 ,2 )  = 16,777,216. .- . - - -  - 
There a r e  o t h e r  pa ths  which can be taken wi th  f from he re .  A s  with 

an  i n i t i a l  development of  m u l t i p l i c a t i o n  o r  exponen t i a t ion ,  we can develop 

d e f i n i t i o n s  f o r  f (x ,y)  when y is z e r o ,  r a t i o n a l ,  r e a l ,  o r  complex, and 4  
then  develop d e f i n i t i o n s  when x is ze ro ,  r a t i o n a l ,  r e a l ,  o r  complex. For 

example, i n  developing exponen t i a t ion ,  one method o f  developing r a t i o n a l  

exponents is a s  fo l lows :  

Define x  = y (l /n) t o  b e  equ iva len t  t o  

n  y = x  . 

I f  one r a i s e s x t o  t h e  power of  m y  t hen  one has  

and t h u s  one h a s  de f ined  exponen t i a t ion  f o r  

r a t i o n a l  exponents.  

Let  u s  do something s i m i l a r  f o r  f,+. 

Define x = f ,+(y ,  I/") t o  be  e q u i v a l e n t  t o  

y  = f+,n) . 
I f  we then  o p e r a t e  on x b y  m ,  t hen  we have 

We can l i k e w i s e  work wi th  n e g a t i v e s .  I n  m u l t i p l i c a t i o n ,  9 = x.(-K) 

= f2(x , -n) .  But t h i s  is  equ iva len t  t o  say ing  y + x - n  = 0 = I ( t h e  
.1. 

i d e n t i t y  f o r  f ) ,  o r ,  u s ing  our  f u n c t i o n a l  n o t a t i o n ,  f [ y ,  f 2 ( x , n ) l  = I 
1 

1 
= 0 .  Likewise f o r  exponen t i a t ion ,  y = x = - which is e q u i v a l m *  t o  

x 
say ing  f2[y ,  f3 (x ,n ) ]  = I2 = 1. S i m i l a r l y ,  f o r  ou r  f ,  we can d e f i n e  

y = f ( x , - n )  a s  being equ iva len t  t o  f3[y,  f ^ , n ) l  = Iy = 1. 

Now, l e t  u s  look a t  o u r  o t h e r  q u e s t i o n ~ t h e  p o s s i b i l i t y  of  f ,  t h a t  

is ,  a  b ina ry  ope ra t ion  more "basic" than  a d d i t i o n .  I f  it d i d  e x i s t ,  i t  

would h a v e t o  complywithour  r e c u r s i v e  formulae developed above ..nd a l s o  

t o  t h e  gene ra l  i n t u i t i v e  scheme of  t h e  f u n c t i o n a l  n o t a t i o n .  No, f o r  any 

k ,  we saw t h a t  f k (n,m) = f k l [ n ,  .fz.(n, m - I ) ] .  Let  u s  t a k e  a  ? l o s e r  

look a t  what happens i f  k = 1. Ye would then  have 
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But f is  addi t ion.  Thus, we have 
1 

n + m = f [ n , n + m - 1 1 .  
0 

If we now l e t  m = 1, then we have 

"Â¥por t h e  func t iona l  approach we know t h a t  f (n,2)  = n2 = n - n  = fn(n,n) .  
3 

Similar ly,  f (n,2)  = n - 2  = n + n = f (n,n). I f  we a r e  t o  be cons i s ten t ,  2 1 
f. and f should be s i m i l a r l y  r e l a t e d  (assuming f e x i s t s ) .  Thus, 

0 
f(n.,2'1 = n + 2 = n o  n = f (n,n) [where f (n,n)  = n o  n l .  But above 

0 0 
we showed t h a t  fo(n,n)  was n + 1. From t h i s  contradict ion r e s u l t i n g  from 

d 
t h e  i n i t i a l  assumption t h a t  f e x i s t s ,  we have shown t h a t  add i t ion  is  

0 
t h e  "most basic" operation we can have. 

POSTERS AVAILABLE FOR LOCAL ANNOUNCEMENTS 

A t  the  suggestion of t h e  P i  Mu Epsilon Council we have had a 

supply of  10 x 14-inch Fra te rn i ty  c r e s t s  p r in ted .  One i n  each 

color  w i l l  be sen t  f r e e  t o  each l o c a l  chapter  on request .  

Additional pos te rs  may be ordered a t  t h e  following r a t e s :  

(1 )  Purple on goldenrod stock - - - - - - $1.50/dozen, 

( 2 )  Purple and lavendar on goldenrod- - - $Z.OO/dozen. 

SPECIAL ANNOUNCEMENT FOR CHAPTER PRESIDENTS 

The e, ' t o r i a l  s t a f f  of t h i s  Journal has prepared a s p e c i a l  publica- 

t ion  In- i t ' i t ion  Ritual f o r  use by l o c a l  chapter's containing d e t a i l s  f o r  

the recommended ceremony f o r  i n i t i a t i o n  of  new members. I f  you would 

E k e  one, wr i te  to: 

R .  V .  Andree 
Secretary-Treasurer,  P i  Mu Epsilon 
601 E l m  Avenue, Room 423 
The University of Okldhoma 
Norman, Oklahoma 73069 

GRAPHS C R I T I C A L  FOR MAXIMAL BOOKTHICKNESS 

by C h a / d . u  V. Keyh 
LoUiCiiana S t a t e  Uniu6~4Â¥CL 

To "draw a graph G i n  a book" arrange t h e  v e r t i c e s  of  G i n  a f ixed  

posi t ion along a l i n e  segment s ( t h e  sp ine)  which is t h e  in te rsec t ion  of 

a f i n i t e  number o f  bounded half- planes (pages). Draw t h e  edges of  G on 

these  pages such t h a t  each-edge l i e s  e n t i r e l y  on one page and no two edges 

cross  ( t h a t  is ,  in te rsec t ;  except possibly a t  t h e i r  endpoints).  Then t h e  

minimum number o f  pages required t o  represen t  G i n  t h i s  way, considering 

a l l  arrangements o f  V(G) along s h e  sp ine ,  is defined t o  be t h e  bookthick- 

ness of G. 

By coloring edges on separate  pages d i f f e r e n t  co lors ,  one may see 

t h a t  we have t h e  following equivalent charac te r iza t ion  o f  bookthickness. 

Arrange t h e  v e r t i c e s  of a graph G along a c i r c l e  and draw t h e  edges 

of  G a s  chords i n  t h e  i n t e r i o r  o f  t h e  c i r c l e .  Let m be the  minimum num- 

ber  of  colors  required t o  co lor  t h e  edges of  G such t h a t  no two edges o f  

t h e  same color  cross .  The bookthickness of  G is then t h e  minimum value 

of  m over a l l  arrangements of  t h e  ver t i ces  o f  G on the  c i r c l e .  

Note t h a t  s ince  an edge joining v e r t i c e s  which a r e  adjacent  i n  a 

c i r c u l a r  arrangement does not  c ross  any o ther  edge, it can always be 

given any color. We there fore  do no t  have t o  worry about such edges, 

and they w i l l  not  be shown i n  t h e  colorings drawn i n  t h i s  paper. 

Arrange t h e  p v e r t i c e s  of  G on a c i r c l e ,  numbered i n  o rder  from '6 

t o  p - 1. Define the length o f  an edge {u,vl t o  be the length of  t h e  

s h o r t e s t  path from u t o  v along t h e  c i r c l e ;  t h a t  is ,  

length { u , ~ }  = min { \ u  - V \ , p  - \u  - V }  . 
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